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Fig. 3. Results on Iron Vise model in different iterations with real-world noise obtained by a laser scanner.

(a) Ground-truth (b) Noisy

(c) APSS

(d) AWLOP

(e) MRPCA (f) GLR (g) Ours

Fig. 4. Comparison results with Gaussian noise ¢ = 0.04 for Quasimoto: (a) The ground truth; (b) The noisy point cloud; (c) The denoised result by
APSS; (d) The denoised result by AWLOP; (e) The denoised result by MRPCA; (f) The denoised result by GLR; (g) The denoised result by our algorithm.

TABLE II
COMPARISON RESULTS UNDER GAUSSIAN NOISE o = 0.05 AND
SAMPLING RATE 20% IN BENCHMARK.

[ | Anchor [ Daratech | DC

| Gargoyle | Quasimoto |

MSE
Ours 0.240 0.301 0.223 0.256 0.197
Diagonal 0.251 0.339 0.241 0.275 0.205
SNR
Ours 48.17 43.78 47.04 46.93 47.87
Diagonal 47.72 42.59 46.23 46.20 47.50

range [2,5] to acquire one best solution. The source codes of
MRPCA and GLR are provided by the authors. We try data
fitting iterations in the range [2,6] for MRPCA, and follow
the parameter settings in [40] for GLR. We implement NLD
and LR in MATLAB, and follow the default settings in their
papers. The Diagonal approach is implemented by ourselves
in MATLAB.

Further, to validate the necessity of optimizing edge
weights, we compare against two Baseline schemes of our
method: 1) Baselinel, where the edge weights are randomly
set in range [0,1] instead of optimizing via feature graph
learning; 2) Baseline2, where the edge weights are calculated
from feature vectors using an exponential kernel.

B. Experimental Results

1) Demonstration of Iterations: To show the fast conver-
gence speed of our algorithm, we demonstrate the denoising
results of Tron Vise model in every two iterations. We set
the weighting parameter of GLR v = 0.2' (e 1)!' in
(50), where e is the natural logarithmic base and ¢ is the
iteration index starting from 1. v decreases with iterations
so as to prevent over-smoothing. As presented in Fig. 3, as
the number of iterations increases, the point cloud gradually
becomes smoother, until it almost converges at iteration 7.

2) Objective Comparison: We measure the quality of de-
noised results for Benchmark models by the Mean Squared
Error (MSE) and Signal-to-Noise Ratio (SNR) between each
denoised point cloud and the ground truth as in [60]. Numer-
ical results are listed in Table III and Table IV, respectively.

Both tables show that our method outperforms all the
other competing approaches at various noise levels in general,
especially at high noise level o = 0.04. Also, we outperform
the Baselinel scheme with random weights and Baseline2 with
empirical weights, which validates optimizing edge weights is
essential.

Further, to demonstrate the case of learning from partial
observation of one signal, we randomly sample a subset of
points (20%) in each point cloud for the learning of the feature
metric M at noise level o = 0.05. As presented in Table II, on
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TABLE III
MSE COMPARISON FOR DIFFERENT MODELS IN BENCHMARK WITH GAUSSIAN NOISE.
[ Model [ Noisy | APSS | RIMLS [ AWLOP [ NLD [ MRPCA | LR [ GLR [ Diagonal | Baselinel [ Baseline2 | Ours |
o =0.02
Anchor 0.259 0.208 0.212 0.237 0.231 0.202 0.228 0.189 0.199 0.197 0.198 0.194
Daratech 0.245 0.203 0.209 0.228 0.222 0.225 0.213 0.197 0.198 0.196 0.195 0.192
DC 0.237 0.186 0.198 0.211 0.206 0.189 0.206 0.177 0.180 0.180 0.180 0.177
Gargoyle 0.257 0.208 0.217 0.230 0.230 0.215 0.240 0.202 0.205 0.204 0.204 0.200
Quasimoto | 0.224 0.171 0.183 0.196 0.190 0.171 0.180 0.162 0.162 0.163 0.162 0.161
Average 0.244 0.195 0.203 0.220 0.215 0.200 0.213 0.185 0.189 0.188 0.188 0.184
o =0.03
Anchor 0.322 0.239 0.244 0.259 0.265 0.230 0.246 0.217 0.225 0.227 0.225 0.221
Daratech 0.303 0.242 0.258 0.298 0.258 0.259 0.252 0.238 0.243 0.244 0.244 0.236
DC 0.293 0.210 0.226 0.257 0.235 0.211 0.221 0.203 0.205 0.207 0.204 0.200
Gargoyle 0.318 0.239 0.252 0.294 0.262 0.241 0.257 0.233 0.233 0.237 0.233 0.228
Quasimoto | 0.274 0.188 0.203 0.226 0.217 0.187 0.193 0.176 0.179 0.181 0.179 0.175
Average 0.302 0.223 0.236 0.266 0.247 0.225 0.233 0.213 0217 0.219 0.217 0.212
o =0.04
Anchor 0.372 0.254 0.263 0.306 0.297 0.242 0.259 0.228 0.236 0.243 0.236 0.232
Daratech 0.348 0.282 0.308 0.286 0.295 0.288 0.283 0.276 0.280 0.286 0.284 0.274
DC 0.338 0.227 0.254 0.270 0.269 0.223 0.234 0.228 0.223 0.225 0.219 0.215
Gargoyle 0.368 0.262 0.277 0.297 0.294 0.257 0.269 0.257 0.253 0.259 0.253 0.245
Quasimoto 0.318 0.201 0.219 0.218 0.252 0.199 0.204 0.187 0.195 0.195 0.191 0.182
Average 0.348 0.245 0.264 0.275 0.281 0.241 0.249 0.235 0.237 0.242 0.237 0.229
o =0.05
Anchor 0.417 0.267 0.281 0.315 0.331 0.253 0.270 0.244 0.246 0.248 0.246 0.240
Daratech 0.387 0.350 0.373 0.359 0.330 0.325 0.347 0.308 0.319 0.326 0.322 0.301
DC 0.381 0.251 0.265 0.324 0.306 0.239 0.247 0.241 0.231 0.247 0.245 0.222
Gargoyle 0.412 0.292 0.305 0.365 0.334 0.277 0.281 0.273 0.266 0.274 0.268 0.256
Quasimoto 0.362 0.229 0.242 0.267 0.291 0.207 0.218 0.209 0.195 0.203 0.196 0.193
Average 0.392 0.278 0.293 0.326 0.318 0.260 0.273 0.255 0.251 0.260 0.255 0.242
o =0.10
Anchor 0.631 0.389 0.402 0.536 0.571 0.382 0.398 0.407 0.352 0.360 0.350 0.333
Daratech 0.533 0.504 0.542 0.466 0.508 0.445 0.431 0.446 0.404 0.404 0.402 0.398
DC 0.575 0.403 0.464 0.502 0.529 0.405 0.402 0.389 0.378 0.390 0.385 0.368
Gargoyle 0.619 0.444 0.475 0.535 0.564 0.423 0.428 0.438 0.419 0.428 0.426 0.416
Quasimoto 0.561 0.402 0.414 0.473 0.523 0.388 0.387 0.356 0.293 0.312 0.304 0.286
Average 0.584 0.428 0.459 0.502 0.539 0.409 0.409 0.407 0.369 0.379 0.373 0.360

one hand, we achieve comparable results with learning from
the entire single observation as listed in Table III and Table IV.
On the other hand, we compare with the diagonal-only method
in [28], where only a diagonal feature metric is learned from
20% of points. Results show that we still outperform [28]
in the circumstance of learning feature metric from partial
observation. This validates the effectiveness of our method
even when extending to the case of partial observation of one
signal.

3) Comparison with Vanilla Proximal Gradient: Moreover,
we compare with the naive realization of proximal gradient
Vanilla PG as discussed in Section IV-A to solve (12). As
presented in Table V, while our proposed algorithm approx-
imates the original search space in Vanilla PG by rewriting
the PD constraint, our point cloud denoising results are very
close to the performance by Vanilla PG. This validates the
effectiveness of our optimization approximation.

4) Subjective Comparison: Fig. 4 shows visual results of
Quasimoto model in Benchmark without surface recon-
struction for details. We compare with other denoising ap-
proaches at noise level o = 0.04. It can be seen that our results
preserve structural details well, even for tiny components such
as the cigarette in Fig. 4. In comparison, the cigarette is
distorted in all the other reconstruction results. Also, points

in our results are more uniformly distributed than the others,
even for noise with large variance.

In Fig. 5, we add AWGN to Fandi sk model with standard
deviation o = 0.005. We see that our method preserves sharp
features, while the other approaches result in smoothed edges
to various extent. Meanwhile, our method reconstructs smooth
surfaces well, such as the bottom surface as presented in the
first row of Fig. 5.

Finally, we evaluate on real-world noisy point clouds Iron
Vise and Face acquired from laser scanners. Typical im-
perfections associated with digital scans, such as noise, non-
uniform point distribution, or missing data, are ubiquitous in
these datasets. As shown in Fig. 3 and Fig. 6, our method is
able to keep local details and sharp edges while attenuating
noise significantly.

5) Computation Complexity: We compare the average com-
putation time per point cloud optimization with Baseline2
to demonstrate our computation complexity. As presented in
Table VI, the extra computation burden due to the optimization
of the metric matrix per point cloud optimization is small. Fur-
ther, the overhead of feature graph learning is roughly constant
over point clouds of different sizes, since the optimization of
the metric matrix depends mainly on the feature dimension
per node.
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TABLE IV
SNR (DB) COMPARISON FOR DIFFERENT MODELS IN BENCHMARK WITH GAUSSIAN NOISE.

[ Model | Noisy [ APSS [ RIMLS [ AWLOP | NLD | MRPCA| LR [ GLR [ Di

o =0.02
Anchor 47.41 49.61 49.41 48.31 48.53 49.88 48.69 50.55 50.03 50.14 50.11 50.30
Daratech 45.85 47.71 47.44 46.56 46.82 46.72 47.27 48.02 47.96 48.08 48.12 48.29
DC 46.42 48.83 48.23 47.59 47.82 48.68 47.83 49.34 49.19 49.16 49.16 49.33
Gargoyle 46.91 49.01 48.57 48.01 48.01 48.66 47.57 49.30 49.18 49.20 49.19 49.40
Quasimoto 46.61 49.27 48.60 47.92 48.22 49.27 48.78 49.81 49.85 49.77 49.82 49.90
Average 46.67 48.88 48.44 47.67 47.87 48.64 48.02 49.40 49.24 49.27 49.28 49.44

o =0.03
Anchor 45.25 48.24 48.00 46.69 47.16 48.60 4791 49.20 48.82 48.72 48.83 48.99
Daratech 43.70 46.00 45.46 45.12 45.34 45.18 45.59 46.13 45.92 45.89 4591 46.22
DC 44.32 47.64 46.94 46.04 46.49 47.62 47.10 47.94 47.84 47.76 47.90 48.11
Gargoyle 44.75 47.63 47.12 46.39 46.68 47.52 46.88 47.87 47.89 47.70 47.86 48.09
Quasimoto 44.58 48.34 47.57 46.53 46.89 48.40 48.09 49.00 48.83 48.72 48.82 49.06
Average 44.52 47.57 47.01 46.15 46.51 47.46 47.11 48.02 47.86 47.76 47.86 48.09
o =0.04
Anchor 43.78 47.60 47.27 45.74 46.02 48.09 47.41 48.67 48.34 48.04 48.35 48.51
Daratech 42.34 44.46 43.58 44.32 43.98 44.25 44 .41 44.64 44.53 44.30 44.36 44.73
DC 42.86 46.84 45.71 45.11 45.15 47.00 46.54 46.80 47.03 46.93 47.21 47.38
Gargoyle 4331 46.69 46.14 45.44 45.53 46.88 46.44 46.89 47.05 46.81 47.06 47.37
Quasimoto 43.09 47.68 46.80 46.85 45.40 47.80 47.52 48.40 48.00 47.97 48.20 48.67
Average 43.07 46.65 45.90 45.49 4521 46.80 46.46 47.08 46.99 46.81 47.04 47.33

o = 0.05
Anchor 42.65 47.09 46.59 45.44 44.94 47.64 46.99 48.00 47.90 47.80 47.92 48.17
Daratech 41.28 42.29 41.64 42.02 42.87 43.03 42.37 43.56 43.21 42.99 43.11 43.80
DC 41.68 45.86 45.30 43.27 43.85 46.33 46.01 46.24 46.68 45.98 46.06 47.07
Gargoyle 42.17 45.61 45.18 43.37 44.28 46.12 45.99 46.28 46.56 46.25 46.45 46.93
Quasimoto 41.79 46.36 45.83 44.83 43.99 47.39 46.85 47.28 47.96 47.55 47.94 48.08
Average 4191 45.44 4491 43.79 43.99 46.10 45.64 46.27 46.46 46.11 46.30 46.81

o =0.10
Anchor 38.52 43.35 43.04 40.13 39.51 43.52 43.12 42.89 44.33 44.10 44.38 44.87
Daratech 38.10 38.66 37.92 39.43 38.57 39.88 40.24 39.86 40.84 40.82 40.88 41.00
DC 37.57 41.14 39.72 3891 38.38 41.07 41.13 41.45 41.71 41.39 41.54 42.00
Gargoyle 38.12 41.44 40.78 39.57 39.03 4191 41.79 41.56 41.97 41.76 41.82 42.06
Quasimoto 3743 40.78 40.49 39.13 38.13 41.11 41.13 41.96 43.88 43.26 43.53 44.14
Average 37.95 41.07 40.39 39.43 38.72 41.50 41.48 41.54 42.55 42.27 4243 42.81

'|f‘ "1|“ "7| Ours |

=)

(a) Ground-truth (b) Noisy (c) APSS (d) AWLOP (e) MRPCA (f) GLR (g) Ours

Fig. 5. Comparison results with Gaussian noise o = 0.005 for Fandisk, where the first row shows the bottom of Fandisk. (a) The ground truth; (b)
The noisy point cloud; (c) The denoised result by APSS; (d) The denoised result by AWLOP; (e) The denoised result by MRPCA; (f) The denoised result
by GLR; (g) The denoised result by our algorithm.
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TABLE V
MSE COMPARISON WITH VANILLA PG UNDER GAUSSIAN NOISE
o = 0.05 IN BENCHMARK.

Anchor | Daratech DC Gargoyle | Quasimoto
Vanilla PG 0.240 0.301 0.222 0.256 0.191
Ours 0.240 0.301 0.222 0.256 0.193

'

af) NUSE

(b) MRPCA

N

\

3 D 3

(c) GLR

(a) Noisy input (84.4K points)

.

(d) Ours

Fig. 6. Comparison results of Face model: (a) The real-world noisy point
cloud acquired by laser scanners; (b) The denoised result by MRPCA; (c)
The denoised result by GLR; (d) The denoised result by our algorithm.

VII. CONCLUSION

We study feature graph learning to identify an appropriate
underlying graph given a single signal observation. Assuming
the availability of relevant features per node, we formulate the
problem as a minimization of Graph Laplacian Regularizer
using the Mahalanobis distance matrix M as variable. We
develop a fast algorithm to alternately optimize diagonal and
off-diagonal entries of M, while keeping M positive definite.
We mitigate full matrix eigen-decomposition and large matrix
inverse for fast computation. To validate the effectiveness
of the proposed feature graph learning, we employ it for
3D point cloud denoising with 3D coordinates and surface
normals as features, leading to state-of-the-art performance.
We note finally that our proposed feature graph learning is
sufficiently general to address various applications that require
graph learning but have access only to small amounts of data.
As concrete examples, there have been two recent efforts to
adapt our learning methodology for binary classification [77]
and depth image enhancement [78].
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